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Abstract. Let k be an algebraically closed field of characteristic 2, and let W 
be the ring of infinite Witt vectors over k. Suppose D is a dihedral 2-group. We 
prove that the universal deformation ring R(D, V) of an endo-trivial fcD-module 
V is always isomorphic to W[Z/2 x Z/2]. As a consequence we obtain a similar 
result for modules V with stable cndomorphism ring k belonging to an arbitrary 
nilpotent block with defect group D. This confirms for such V conjectures on the 
ring structure of the universal deformation ring of V which had previously been 
shown for V belonging to cyclic blocks or to blocks with Klein four defect groups. 



1. Introduction 

Let k be an algebraically closed field of positive characteristic p, let W = W(k) 
be the ring of infinite Witt vectors over k, and let G be a finite group. There are 
various classical results in the literature concerning the lifting of finitely generated 
fcG-modules over complete local commutative Noetherian rings with residue field k, 
such as Green's liftability theorem. To understand and generalize these results, it 
is useful to reformulate them in terms of deformation rings. For example, Alperin 
has proved in [2] that in case G is a p-group, every endo-trivial A;G-module V can 
be lifted to an endo-trivial WG-modu\e. This can be reformulated as saying that 
for every such V, there is a surjection from the universal deformation ring R(G, V) 
to W . A natural question is then to determine R(G, V) itself. In this paper, we 
determine the universal deformation rings R(D, V) for all endo-trivial fc-D-modules 
V when k has characteristic p = 2 and D is a dihedral 2-group. 

For arbitrary p and G, a finitely generated fcG-module V is called endo-trivial if 
the fcG-module Honifc(V, V) = V* ®fc V is isomorphic to a direct sum of the trivial 
simple /cG-module k and a projective /cG-module. Endo-trivial modules play an 
important role in the modular representation theory of finite groups, in particular in 
the context of derived equivalences and stable equivalences of block algebras, and also 
as building blocks for the more general endo-permutation modules, which for many 
groups are the sources of the simple modules (see e.g. [T3 EZ])- In [151 EH], Carlson 
and Thevenaz classified all endo-trivial fcG-modules when G is a p-group. Since by 
the endo-trivial fcG-modules V of a p-group G are precisely the modules whose 
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stable endomorphism ring is one-dimensional over k, it follows by [SJ, Prop. 2.1] that 
V has a well-defined universal deformation ring R(G, V). 

The topological ring R(G, V) is universal with respect to deformations of V over 
complete local commutative Noetherian rings R with residue field k. A deformation 
of V over such a ring R is given by the isomorphism class of a finitely generated RG- 
module M which is free over R, together with a /cG-module isomorphism k®^M — > V 
(see §2]). Note that all these rings R, including R(G, V), have a natural structure as 
W- algebras. 

In number theory, the main motivation for studying universal deformation rings 
for finite groups is to provide evidence for and counter-examples to various possi- 
ble conjectures concerning ring theoretic properties of universal deformation rings 
for profinite Galois groups. The idea is that universal deformation rings for finite 
groups can be more easily described using deep results from modular representation 
theory due to Brauer, Erdmann (T5], Linckelmann [2TJI22], Butler- Ringel [10] and 
others. Moreover, the results in [TS] show that if T is a profinite group and V is a 
finite dimensional fc-vector space with a continuous T-action which has a universal 
deformation ring, then R(T, V) is the inverse limit of the universal deformation rings 
R(G, V) when G runs over all finite discrete quotients of T through which the In- 
action on V factors. Thus to answer questions about the ring structure of R(T, V), it 
is natural to first consider the case when r = G is finite. Later in the introduction we 
will discuss some number theoretic problems which originate from considering how 
our results for finite groups arise from arithmetic. 

Suppose now that G is an arbitrary finite group and V is a fcG-module such that 
the stable endomorphism ring End ^fV") is one-dimensional over k, i.e. V has a well- 
defined universal deformation ring R(G, V). The results in [SJ led to the following 
question relating the universal deformation rings R(G, V) to the local structure of G 
given by defect groups of blocks of kG. 

Question 1.1. Let B be a block of kG with defect group D, and suppose V is a 
finitely generated kG -module with stable endomorphism ring k such that the unique 
(up to isomorphism) non-projective indecomposable summand of V belongs to B. Is 
the universal deformation ring R(G, V) of V isomorphic to a subquotient ring of the 
group ring WD ? 

The results in [SJ HI [5] show that this question has a positive answer in case B is a 
block with cyclic defect groups, i.e. a block of finite representation type, or a tame 
block with Klein four defect groups, or a tame block with dihedral defect groups 
which is Morita equivalent to the principal 2-modular block of a finite simple group. 
For the latter type of blocks, there are precisely three isomorphism classes of simple 
modules. 

In E], ^ was shown that if p = 2, G is the symmetric group S4 and E is a 
2-dimensional simple kS^-module then R(G,E) = W[t]/(t 2 ,2t), giving an example 
of a universal deformation ring which is not a complete intersection, thus answering a 
question of M. Flach [TSJ. A new proof of this result has been given in [TT] using only 
elementary obstruction calculus. In [HE], it was additionally shown that this example 
arises from arithmetic in the following way. There are infinitely many real quadratic 
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fields L such that the Galois group Gl,$ of the maximal totally unramified extension 
of L surjects onto 5*4 and R{Gl$,E) = R(S±,E) = W[t]/(t 2 ,2t) is not a complete 
intersection, where E is viewed as a module of Gl,® via inflation. The universal 
deformation rings in [61 E] are all complete intersections, whereas the results in [5] 
provide an infinite series of G and V for which R(G, V) is not a complete intersection. 

In this paper, we consider the endo-trivial modules for the group ring kD when k 
has characteristic 2 and D is a dihedral 2- group of order at least 8. Note that kD is 
its own block and the trivial simple module k is the unique simple fcD-module up to 
isomorphism. Our main result is as follows, where Q denotes the syzygy, or Heller, 
operator (see for example [U §20]). 

Theorem 1.2. Let k be an algebraically closed field of characteristic 2 , let d > 3, and 
let D be a dihedral group of order 2 d . Suppose V is a finitely generated endo-trivial 
kD -module. 

i. IfV is indecomposable and £ is the component of the stable Auslander-Reiten 
quiver of kD containing V , then €. contains either k orQ(k), and all modules 
belonging to £ are endo-trivial. 

ii. The universal deformation ring R(D,V) is isomorphic to W\L/2 x Z/2]. 
Moreover, every universal lift U of V over R = R(D, V) is endo-trivial in 
the sense that the RD -module U* ®r U is isomorphic to the direct sum of the 
trivial RD -module R and a free RD -module. 

In particular, R(D, V) is always a complete intersection and isomorphic to a quo- 
tient ring of the group ring WD. 

It is a natural question to ask whether Theorem 11.21 can be used to construct 
deformation rings arising from arithmetic. More precisely, let L be a number field, 
let S be a finite set of places of L, and let L$ be the maximal algebraic extension 
of L unramified outside S. Denote by Gl,s the Galois group of L$ over L. Suppose 
k has characteristic p, G is a finite group and V is a finitely generated /cG-module 
with stable endomorphism ring k. As in [8], one can ask whether there are L and 
S such that there is a surjection ip : Gl,s ~~ > G which induces an isomorphism of 
deformation rings R(Gl^, V) R{G, V) when V is viewed as a representation for 
Gl,s v i a i>- It was shown in [5] that a sufficient condition for RiG^Si V) — > R(G, V) 
to be an isomorphism for all such V is that Ker(^) has no non-trivial pro-p quotient. 
If this condition is satisfied, we say the group G caps L for p at S. 

As mentioned earlier, this arithmetic problem was considered in [8] for the sym- 
metric group S4 in case p — 2. In fact, it was shown that there are infinitely many 
real quadratic fields L such that S4 caps L for p = 2 at S = 0. Since the Sylow 
2-subgroups of S4 are isomorphic to a dihedral group D 8 of order 8, this can be used 
to show that Dg caps infinitely many sextic fields V for p = 2 at S = 0. In partic- 
ular, R{G V #,V) = R(D 8 ,V) = W[Z/2 x Z/2] for all endo-trivial ^-modules V. 
Since the fields V have degree 6 over Q, this raises the question of whether one can 
replace L' by smaller degree extensions. Another question is if one can find similar 
results for dihedral groups D of arbitrary 2-power order. As in the proof of [8] Thm. 
3.7(i)], one can show that D does not cap Q for p = 2 at any finite set S of rational 
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primes. Hence the best possible results one can expect to be valid for all endo-trivial 
/cD-modules should involve extensions L of Q of degree at least 2. 

We now discuss the proof of Theorem 11.21 As stated earlier, the endo-trivial 
fcZ)-modules are precisely the fcD-modules whose stable endomorphism ring is one- 
dimensional over k. The results of [T3| §5] show that the group T(D) of equivalence 
classes of endo-trivial fcD-modules is generated by the classes of the relative syzygies 
of the trivial simple /cD-module k. To prove part (i) of Theorem 11.21 we relate this 
description for indecomposable endo-trivial fcD-modules to their location in the sta- 
ble Auslander-Reiten quiver of kD. For part (ii) of Theorem 11.21 suppose D = (cr, r) 
where a and r are two elements of order 2 and err has order 2 d ~ 1 , and let V be an in- 
decomposable endo-trivial /cD-module. We prove that there exists a continuous local 
W-algebra homomorphism a : W\L/2 x Z/2] — > R(D, V) by considering restrictions 
of V to (a) and (r). We then analyze the fc-D-module structures of all lifts of V over 
the dual numbers k[e]/(e 2 ) to show that a is in fact surjective. Using the ordinary 
irreducible representations of D, we prove that there are four distinct continuous 
VF-algebra homomorphisms R(D, V) — > W and show that this implies that a is an 
isomorphism. 

In [9], [25] , Broue and Puig introduced and studied so-called nilpotent blocks. Using 
[25J, we obtain the following result as an easy consequence of Theorem 11.21 

Corollary 1.3. Let k and D be as in Theorem M.B. Let G be a finite group, and let 
B be a nilpotent block of kG with defect group D. Suppose V is a finitely generated 
B -module with stable endomorphism ring k. Then the universal deformation ring 
R{G,V) is isomorphic to W[Z/2 x Z/2]. 

The paper is organized as follows: In we provide some background on universal 
deformation rings for finite groups. In $3j we study some subquotient modules of the 
free /cD-module of rank 1 and describe lifts of two such /cD-modules over W using 
the ordinary irreducible representations of D. In we describe the locations of 
the indecomposable endo-trivial fcD-modules in the stable Auslander-Reiten quiver 
of kD using [3l [13] . In £[5j we complete the proof of Theorem 11.21 and Corollary 11.31 

The author would like to thank K. Erdmann and M. Linckelmann for helpful 
discussions on nilpotent blocks. She would also like to thank the referee for very 
useful comments which simplified some of the proofs. 

2. Preliminaries 

Let k be an algebraically closed field of characteristic p > 0, let W be the ring 
of infinite Witt vectors over k and let F be the fraction field of W. Let C be the 
category of all complete local commutative Noetherian rings with residue field k. The 
morphisms in C are continuous VF-algebra homomorphisms which induce the identity 
map on k. 

Suppose G is a finite group and V is a finitely generated /cG-module. If R is an 
object in C, a finitely generated i?G-module M is called a lift of V over R if M is free 
over R and k <S>r M = V as /cG-modules. Two lifts M and M' of V over R are said 
to be isomorphic if there is an i?G-module isomorphism a : M — > M' which respects 
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the /cG-module isomorphisms k ®^ M = V and k <S>r M' = V. The isomorphism 
class of a lift of V over R is called a deformation of V over R, and the set of such 
deformations is denoted by Defc(V, R). The deformation functor F v : C — > Sets is 
defined to be the covariant functor which sends an object R in C to Defc(V, R). 

In case there exists an object R(G, V) in C and a lift t/(G, V) of V over V) 
such that for each R in C and for each lift M of V over R there is a unique morphism 
a : 7) -»• R in C such that M = R ® R{GtV ) )a U(G, V), then R(G, V) is called 
the universal deformation ring of V and the isomorphism class of the lift U(G, V) is 
called the universal deformation of V. In other words, R(G, V) represents the functor 
Fy in the sense that Fy is naturally isomorphic to Homc(R(G,V), —). If R{G,V) 
and the universal deformation corresponding to U(G, V) exist, then they are unique 
up to unique isomorphism. For more information on deformation rings see [TS] and 

The following four results were proved in [5] and in [5] , respectively. Here Q denotes 
the syzygy, or Heller, operator for kG (see for example [TJ §20]). 

Proposition 2.1. [6, Prop. 2.1] Suppose V is a finitely generated kG -module with 
stable endomorphism ring End ^ G (V) = k. Then V has a universal deformation ring 
R(G,V). 

Lemma 2.2. [61 Cors. 2.5 and 2.8] Let V be a finitely generated kG-module with 
stable endomorphism ring End fcG (V) = k. 

i. Then End kG (Q{V)) = k , and R(G,V) and R(G,Q(V)) are isomorphic. 

ii. There is a non-projective indecomposable kG-module Vo (unique up to iso- 
morphism) such that End frg(Vn) = k, V is isomorphic to Vq © P for some 
projective kG-module P , and R(G, V) and R(G, Vq) are isomorphic. 

Lemma 2.3. [5j Lemma 2.3.2] Let V be a finitely generated kG-module such that 
there is a non-split short exact sequence of kG -modules 

with Ext feG (Yi, Y 2 ) = k. Suppose that there exists a WG-module X; L which is a lift of 
Yi over W for i = 1, 2. Suppose further that 

dim F Hom FG (F ® w X u F ® w X 2 ) = dim k Hom A . G (Y"i, Y 2 ) — 1. 

Then there exists a WG-module X which is a lift ofV over W. 

3. The dihedral 2-groups D 

Let d > 3 and let D be a dihedral group of order 2 d given as 

D = (a,r | a 2 = 1 = r 2 , (ar) 2 " 2 = (raf"). 

Let k be an algebraically closed field of characteristic p — 2. The trivial simple 
/cD-module k is the unique irreducible kD-module up to isomorphism. The free kD- 
module kD of rank one is indecomposable and its radical series has length 2 d ~ l + 1. 
The radical of kD is generated as a kD-modu\e by (1 + a) and by (1 + r), and 
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the socle of kD is one-dimensional over k and generated by [(1 + er)(l + r)] 2d 2 = 
[(l + r)(l + a)] 2d_2 . Hence 

(3.1) rad(feD) = kD(l + a) + kD(l + r), 

soc(AlD) = fcD(l + (7)n^(l + r) = A;[(l + a)(l + r)] 2d " 2 . 

From this description it follows that Y&d(kD)/soc(kD) is isomorphic to the direct 
sum of two indecomposable fc-D-modules, namely 

(3.2) rad(kD)/soc(kD) = kD(l + a)/soc(kD) © kD(l + r)/soc(kD). 
Moreover, we have the following isomorphisms of A;D-modules: 



(3.3) 



kD(l + a) 
kD(l + r) 



kD 
kD 



)k(o) 
h(r) 



k 



Indf CT> k, 
lndf T) k. 



Let v G {cr, r}, and define E v 
of fcD-modules of the form 



kD(l + u)/soc(kD). We have a commutative diagram 



(3.4) 











kD 



<ji- 



soc(kD) -U*. kD 



fu 



kD/soc(kD) 







where tt u (1) = (1 + 1/) + soc(kD), 7r(l) = 1 + soc(kD), i v and t are inclusions, 
g v (l) — (1 + v) and /„ is induced by the inclusion map kD{l + v) A;D. Since / v 
is injective, it follows that 

(3.5) Ker(fi(/„)) Ker(^) = kD(l + z/). 

We now turn to representations of D in characteristic 0. Let W be the ring of 
infinite Witt vectors over k, and let F be the fraction field of W. Let ( be a fixed 
primitive 2 d_1 -th root of unity in an algebraic closure of F. Then D has 4+ (2 d_2 — 1) 
ordinary irreducible characters xi> X2, X3> X4> X5,»> 1 < 2 < 2 d ~ 2 — 1, whose represen- 
tations ?/>i, t/> 2 ) ^3, ^4, ip5,i, 1 < i < 2 d ~ 2 — 1, are described in Tabled! In fact, the 

Table 1. The ordinary irreducible representations of D. 





a 


T 


A = xi 


1 


1 


4>2 = X2 


-1 


-1 


^3 = X3 


1 


-1 


^4 = Xi 




1 


(1 < % < 2 d - 2 - 1) 


CD 


/ c~*\ 
\C J 



splitting field of D is F((+( x ) , and the action of the Galois group Gal(F((+( x ) / F) 
on the ordinary irreducible characters divides the characters xs,i, i = 1, ■ ■ ■ , 2 d ~ 2 — 1, 



UNIVERSAL DEFORMATION RINGS AND DIHEDRAL 2-GROUPS 



7 



into d — 2 Galois orbits Oq, . . . , Ods with Oi = {x5,2 d - 3 -^(2«-i) \ 1 < u < 2 e } for 
< £ < d — 3. Since the Schur index over F of each of the characters in these orbits is 
1, we obtain d — 2 non-isomorphic simple FD-modules Vo, . . . , V^_3 whose characters 
p , • • -,Pd-3 satisfy 

(3.6) p e = ^ Xb&-*-*(2u-i) for < £ < - 3. 
Moreover, 

(3.7) End FD (\4) = F(c 2d " 3 " £ + C" 2d " 3 "') for0<£<d-3. 

Lemma 3.1. Let 

i. (a,6)e{(l,3),(2,4)}, or 

ii. (a,6)e{(l,4),(2,3)}. 

Let Nafi be an FD-module with character Xa + Xb + Ylt=o Pe- Then there is a full 
WD -lattice L a ^ in N a ^ such that L a ^/2L a ^ is isomorphic to the kD -module Ind^ k 
in case (i) and to the kD -module Ind^ k in case (ii). 

Proof. Let X a be the set of left cosets of (a) in D, and let WX a be the permutation 
module of D over W corresponding to X a . This means that WX a is a free VT-module 
with basis {m x | x G X a } and g G D acts as g ■ m x = m gx for all x G X a . Using 
the formula for the permutation character associated to the FD-module FX a , we 
see that this character is equal to Xi + X3 + YltZo Pi- 
There is a surjective V^D-module homomorphism h a : WD — > WX a which is 
defined by h a (l) = muy Then Ker(h a ) = WD(1 — a) and we have a short exact 
sequence of PU-D-modules which are free over W 

(3.8) -> WD(1 - a) -> W.D ^X CT -> 0. 

Because the character of FL> is Xi + X2 + X3 + Xi + 2 J^=q Pi, the character of 
FD(1 — a) must be X2 + X4 + Ylt=o ■ Tensoring (I3.8j) with k over VF, we obtain a 
short exact sequence of /cD-modules 

(3.9) -> fcD(l - a) -> -> A;X ff -> 0. 

Since fcJf<j = Indj^ A; and the latter is isomorphic to /c£)(l + a) by (13.31) . Lemma 
13.11 follows in case (i). Case (ii) is proved using the set X T of left cosets of (r) in D 
instead. □ 

4. ENDO-TRIVIAL MODULES FOR D IN CHARACTERISTIC 2 

As before, let k be an algebraically closed field of characteristic 2. Since D is 
a 2-group, it follows from [12J that the /cD-modules V with stable endomorphism 
ring End fcD (l / ) = k are precisely the endo-trivial fcD-modules, i.e. the /cD-modules 
V whose endomorphism ring over k, Endfc(U), is as fcD-module stably isomorphic 
to the trivial /cD-module k. The latter modules have been completely classified in 
[T3] (see also [H]). We will use this description to determine the location of the 
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indecomposable endo-trivial fcD-modules in the stable Auslander-Reiten quiver of 
kD. 

Remark 4.1. Let z = (<yr) 2d 2 be the involution in the center of D. The poset of 
all elementary abelian subgroups of D of rank at least 2 consists of two conjugacy 
classes of maximal elementary abelian subgroups of rank exactly 2. These conjugacy 
classes are represented by K\ = (<J,z) and K 2 = (t,z). Let T(D) denote the group 
of equivalence classes of endo-trivial /cD-modules as in [13]. Consider the map 

(4.1) S:T(D)^ZxZ 

defined by S([M]) = (ai, a 2 ) when Res^.M = VL a £\k)@F M ^ for some free fcifj-module 
F M)l ioii = 1,2. In particular, S([Jfe]) =*(0,0) and S([fi m (M)]) = H([M]) + (m,m) for 
all endo-trivial kD-modvles M and all integers m. By [T31 Thm. 5.4], H is injective 
and the image of H is generated by (1, 1) and (1, —1) (and also by (1, 1) and (—1, 1)). 

As in g3l let E a = kD(l + a)/soc(kD) and let E T = kD(l + r)/soc(kD). By 
(I3T2D . r&d(kD)/soc(kD) = E a © E T . The almost split sequence ending in fi _1 (A;) = 
kD/soc(kD) has thus the form 

(4.2) — > £l(k) ^ kD ® E a ® E T U fi _1 (/c) — > 

where /i-ij^ is the rightmost vertical homomorphism /„ in the diagram (13. 4p and 
M-iUd is the natural projection. It follows for example from [3J Lemma 5.4] that 
E a and E T are endo-trivial. Moreover, S = (1, —1) and S([i? T ]) = (—1, 1). In 
particular, T(D) is generated by [fi(/c)] and [E a ] (and also by [fi(fc)] and [E T ]). 

Let v G {a, r}, and define A Ut o = k and A v% \ = Q(E V ). For n > 2, define A v>n to be 
the unique indecomposable /cD-module, up to isomorphism, in the equivalence class 
of the endo-trivial fcD-module A V) \ <S>k A/.n-i- Then the trivial simple kD-modvle 
k = A a fi = A Tt0 together with the /cD-modules A a ^ n , A Tyn for n > 1 give a complete 
set of representatives of the f2-orbits of the indecomposable endo-trivial /cD-modules. 
We have S([Ar,n]) = (2n, 0) and H([A T>n ]) = (0, 2ra) for all n > 0. 

Lemma 4.2. The finitely generated indecomposable endo-trivial kD -modules are ex- 
actly the modules in the two components of the stable Auslander-Reiten quiver of kD 
containing the trivial simple kD -module k and Q(k). 

More precisely, let A a , n and A T . n be as in Remark \4-l\ for n > 0. Then the almost 
split sequence ending in k has the form 

(4.3) -> Q 2 {k) -> A a ,i © A T>1 ^ k -> 0. 

Let z/ G {a, r} and let n > 1. TVien t/ie almost split sequence ending in A v ^ n has the 
form 

(4.4) -> fi 2 (A,, n ) -> A v>n+ i © n 2 (A,, n _i) A„ in -> 0. 

Proof. Since f2 defines an equivalence of the stable module category of finitely gen- 
erated /cD-modules with itself, we can apply Q to the almost split sequence ( 14.21) 
to obtain the almost split sequence ending in k up to free direct summands of the 
middle term. Since the sequence ( 14.21) is the only almost split sequence having kD as 
a summand of the middle term, the almost split sequence ending in k is as in (14.31) . 
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Given an indecomposable kD-modvle M of odd /c-dimension, it follows from [31 
Thm. 3.6 and Cor. 4.7] that 

(4.5) -> Q 2 {k) © fe M -> (A^! © fc M) © (A^ ® fc M) -»• M -> 

is the almost split sequence ending in M modulo projective direct summands. Since 
all endo-trivial fcD-modules have odd fc-dimension, we can apply the sequence ( 14.51) 
to M — A vn for v G {a, r} and all n > 1. This means that modulo free direct 
summands the almost split sequence ending in A UtU has the form 

(4.6) -> tt 2 (k) © fc A V}n -> (A CTi i © fc A W)n ) © (A Ti i © fc A v , n ) -> A v , n -> 0. 

Note that 5(^,1®^^]) = (2,2)+S([A„, n _i]) = Sflfi^n-i)]) if {*/, z/} = {a,r}. 
Since the sequence ( 14.21) is the only almost split sequence having kD as a summand 
of the middle term, it follows that the almost split sequence ending in A v n is as in 
(14.41) . This completes the proof of Lemma 14.21 □ 

Lemma 4.3. Let v 6 {cr, t}, let n > and let A u>n be as in Remark \4-l Then 
dim fc A v , n = n2 d ~ 1 + 1 and Res£ A„, n = k® (kC) n2d ~ 2 for C 6 {{a), (r)}. Moreover, 
there is a short exact sequence of kD -modules 

(4.7) -> Indg) fc -> A„, n+1 -> A„, n -> 0. 

Proof. When we restrict the almost split sequences (14. 3p and (I4.4p to the elementary 
abelian subgroups K\ and K 2 from Remark 14.11 it follows that the resulting short 
exact sequences of fc-fQ-modules split for i = 1,2. Define (p u>1 : A U)1 — > k to be 
the restriction of the homomorphism \L\ in (14.31) to the component A v> \, and for 
n > 1 define <f> v ,n+i '■ ^u,n+i — > A u>n to be the restriction of the homomorphism 
fi UtU+ i in (14.41) to the component A u<n+ i. For n > 1, let : Aj, jn — ► fc be the 
composition $ Vjn = o 0„ )2 ■ • • ° </v,n- Then it follows that the homomorphism 
$ n : A a<n © A Tin — > fc, which restricted to Aj, jn is given by $ v ,n, splits when viewed 
as a homomorphism of /cfQ-niodules for i = 1,2. Since H([A t7(fl ]) = (2n, 0) and 
H([A r n ]) = (0, 2n), this implies that for all n > 1 we have a short exact sequence of 
fcD-modules of the form 

Q (k*) ^ A a n © A T n ^ 0. 

Inductively, we see that Q 2n (k) has /c-dimension n2 d + 1. Because the /c-dimensions 
of A^n and A TjH coincide, this implies that dim fc A v , n = | (n2 d + 2) = 7i2 rf_1 + 1. 

Let C E {(a), (r)}. Since E u = kD(l + u)/soc(kD), it follows that Res^ E v is 
stably isomorphic to k. Hence we obtain for A V} i = VL(E V ) that Res^ A v> i also is 
stably isomorphic to k. Therefore, it follows by induction from the almost split 
sequence (I4.4p that Res^j A/,n+i is stably isomorphic to k for all n > 1. Comparing 
^-dimensions it follows that Res£ A u>n = k © {kC) n2d ~ 2 for all n > 0. 

To construct a short exact sequence of the form (14.71) . recall that the almost split 
sequence ( 14 .3p is obtained by applying Q to the almost split sequence (14.21) . Since 
the restriction of the homomorphism in ( 14. 2 p to the component E v is the same as 
the homomorphism /„ in the diagram ( 13.41) . the restriction of the homomorphism /ii 
in (14. 3 P to the component A u> i is the same as Cl(f v ). By (13.51) we have Ker(f2(/ V )) = 
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kD(l + v), which implies by (13. 3p that there is a short exact sequence of /cD-modules 
of the form 

(4.8) -> Indg } k -> A„,i -> fc -> 0. 

Now let n > 1. Tensoring the sequence (14 .8p with A u<n , we obtain a short exact 
sequence of /cD-modules of the form 

(4.9) -> (Ind^ fc) ® fe A„ >ri -> A„,i © fc A„, n -> A„, n -> 0. 

Since (Indf u) k) © fc A v>n S Ind^ (Res^ A„ >n ) and Res^ A„ >n = &; © (£;(z/)) n2<1 ~ 2 , it 
follows that 

(Ind£ } k) © fc A v , n S Ind^ fe © (kD) n2d ~ 2 . 

By definition, A u ^ n+1 is the unique indecomposable /cD-module, up to isomorphism, 
in the equivalence class of the endo-trivial fc-D-module A v> \ ©& A^ n . Comparing fc- 
dimensions it follows that dim^ A V) \ ©& A^ n = n2 d ~ 2 ■ 2 d + dim^ A v ^ n+ \. Hence 

A u ,i ©fc A^ n = A Ujn+ i 

By splitting off the free kD-modu\e (kD) n2,d 2 from the first and second term of the 
short exact sequence (14 .9p we obtain a short exact sequence of /cD-modules of the 
form (0~2D. □ 



5. Universal deformation rings for D and nilpotent blocks 

In this section, we prove Theorem 11.21 and Corollary 11.31 We use the notations of 
the previous sections. In particular, k is an algebraically closed field of characteristic 
2, W is the ring of infinite Witt vectors over k and F is the fraction field of W. 

For v G {a, r} and n > 0, let A u<n be as in Remark 14.11 We first analyze all 
extensions of A u<n by A v>n by using the extensions of k by k which are described in 
the following remark. 

Remark 5.1. Suppose iV is a /cD-module which lies in a non-split short exact sequence 
of fc-D-modules 

(5.1) 0^£;^iV^£;^0. 

Then N is isomorphic to N\ for some A G k* U {a, r} where a representation ip x of 
N\ is given by the following 2x2 matrices over k. 

a. If A G k* then ip x (a) = f J } ^ > ^a(t) = 

b. If {A, A'} = {<r, r} then (f\(X) = ( J J ) , V 9 a(A / ) = 

We obtain the following restrictions of N\ to the subgroups (a) and (r) of .D. 

• In case (a), Resg N x = kC for C G {(a), (r)}. 

• In case (b), Resg) N x = k(X) and Resgn iV A = k 2 . 
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Lemma 5.2. Let v G {cr, r}, let n > 0, and let A u>n be as in Remark \4-l\ Then 
¥xk kD {_A v<n i A vn ) = k 2 . Suppose Z v n is a kD-module which lies in a non-split short 
exact sequence of kD -modules 

(5-2) > A vn > Z vn > A v>n > 0. 

Then Z u<n is isomorphic to B U}Jl>x = A u>n ©& N x for some A G k* U {a, r} where N x is 
as in Remark \571\ Let {v, v'} = {a, r}. 

i. If\Ek*U {u} then B u ^ x = N x © (k,D) n . 

ii. If X = v' then B u0 y = N v > and for n> 1, B vn y is a non-split extension of 
B u , n -iy by kD(l + v) © kD(l + v). Moreover, Res^ B v>n y = (k(u')) n2d ~ 1+1 
and Resf u) B u , n y = k 2 @ (k(u)) n2d ~ 1 . 

Proof. Since A vn is endo-trivial, it follows from [31 Thm. 2.6] that the natural ho- 
momorphism 

(5.3) Ext\ D (k, k) -> Extl D (A u , n , A v , n ) 

resulting from tensoring short exact sequences of the form (15. ip with A v>n is a 
monomorphism. Moreover, 

Ext^A^, A u>n ) = E\D, A*^ n ® k A v>n ) = R\D, k) = Ext\ D (k, k) = k 2 

where the second isomorphism follows since A v>n is endo-trivial. Hence the homo- 
morphism in (15. 3p is an isomorphism, which means that we only need to prove the 
descriptions of B vnX = A v>n ©^ N x given in (i) and (ii) of the statement of Lemma 
15.21 For n = this follows from Remark 15. II since A v $ = k and so B u0X = N\. 

By Lemma |4.3[ there is a short exact sequence of fcD-modules of the form (14. 7p . 
Tensoring this sequence with N\ over k gives a short exact sequence of fcD-modules 
of the form 

(5.4) -> (Ind^ k) ® fc N x -> B v>n+1>x -> B u>n>x -> 

where (Indf^ k) ® k N x - lndf u) (Resf u) N x ). 

Let first A G k* U {u}. Then Resf u) N x = k(u) and hence Ind^ (Resf u) N x ) = kD. 
It follows by induction that B Utn+ x )X = N x © {kD) n+l , which proves (i). 

Now let A = v'. Then Res^ N u > = k 2 and hence 

lndf u) (Resgj N' v ) = IndJ } k 2 = kD(l + v) © kD(l + v). 

Thus B un+ iy is an extension of B v ^ n y by /cD(l + z/)©A;D(H-z/). Since Res^ kD(l + 

v) {k{v')f d ~\ it follows by induction that Resg, } B u<n+1 y = {k(u')Y n+1 ^ 1+1 . On 

the other hand, Res^ kD(l + v) = k 2 © (k(i>)) 2d 2_1 . Hence the restriction of the 

left term in the short exact sequence (15.41) to (v) is isomorphic to k 4 © {k{v)) 2d 1 ~ 2 . 
Thus by induction, Res^ B Vjn+1 y lies in a short exact sequence of k (v) -modules of 
the form 

- k 4 © (%» 2d_1 - 2 - Resgv S^+iy - k 2 © (^(z/))" 2 " 1 - 0. 



12 



FRAUKE M. BLEHER 



Since Res^ B un+ iy is an extension of Res^ A Vtn+ \ by itself and since Res^ A„ jU+ i = 
k®{k(u)Y n+1 ^ d ' 2 by LemmaEil it follows that Resf u) B u<n+iy = fc 2 ©(Jfe(i/))< n+1 > 2d ~ 1 . 
In particular, the sequence (15.41) does not split when A = z/, since it does not split 
when restricted to (u). This proves (ii). □ 

The next result uses the restrictions of A UjTl and B vnX to the cyclic subgroups (a) 
and (r) of D. 

Lemma 5.3. Let v G {a, t}, let n > 0, and let A U}U be as in Remark \4-1 . Then there 
is a surjective W -algebra homomorphism a : IV[Z/2 x Z/2] — > R(D , A vn ) in C. 

Proof. Let R = R(D, A u>n ) and let U v ^ n be a universal lift of A u>n over R. Let C a = (a) 
and C T = (r), and let C G {C a ,C T }. By Lemma EM ResgA^ = k Q) (kC) n2d ~ 2 . In 
particular, Res^A^ is a fcC-module with stable endomorphism ring k, and hence it 
has a universal deformation ring. Moreover, i?(C, Res^A^ n ) = IV[Z/2]. Let U u ^ t c 
be a universal lift of RescA un over W[Z/2]. Then there exists a unique IV-algebra 
homomorphism otc '■ IV[Z/2] — ► i? in C such that Res^f/^ n = i? ®w[z/2],a ^,n,c- 
Since the completed tensor product over IV is the coproduct in the category C, we 
get a IV-algebra homomorphism 

a = a Cry ® a Cr : IV [Z/2] ® w IV [Z/2] -> i? 

in C with ® x 2 ) = a Ca (x 1 ) ac T (x 2 ). 

By Lemma [5.21 every non-trivial lift of A v<n over the dual numbers k[e]/(e 2 ) is as 
/cD-module isomorphic to B v ^\ for some A G k* U {a, r}. The description of these 
modules shows that their restrictions to C a and C T £1X6 clS follows: 

i. If A G k* then Resg B v ^ x = {kC) n2d ~ 1+1 for C G {C CT ,C r }. 

ii. If {A, A'} = {a,r}, then Resg 4 ^ = (kC x ) n2d ~ 1+l and ResS , B v , n>x = 



k 2 © (/,fV ! " ' 



Note that for C G {C CT , C T }, A; 2 © (kC) n2d 1 corresponds to the trivial lift of Res^A^„ 
over k[e]/(e 2 ), and (kC) n2d 1+1 corresponds to a non-trivial lift of Res^A un over 
A;[ e ]/(6 2 ). 

Let A 6 fc*U {o~,t}, and let /x : R — > k[e]/(e 2 ) be a morphism corresponding to a 
non-trivial lift of A v<n over k[e]/(e 2 ) with underlying fcZ)-module structure given by 
B U} n t \. Then f\oct = f\o (ac a © «c T ) corresponds to the pair of lifts of the pair 
(Res^. A V)Tl , Res^ A ViH ) over A;[e]/(e 2 ) with underlying /cD-module structure given by 
the pair (Res c B vnj \, Res^ B v>ni x)- Hence (i) and (ii) above imply that if / runs 
through the morphisms R —>■ k[e]/(e 2 ), then / o a runs through the morphisms 
W[Z/2] ® w W[Z/2] -> k[e]/(e 2 ). This implies a is surjective. □ 

We next determine how many non-isomorphic lifts A v>n has over W. 

Lemma 5.4. Let v G {a, t}, let n > 0, and let A Vjn be as in Remark \4-l\ Then 
A u>n has four pairwise non-isomorphic lifts over W corresponding to four distinct 
morphisms R(D, A V)n ) —>W in C. 
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Proof. We use Lemmas 12.31 and 13.11 to prove this. If n = then A v $ is the trivial 
simple /c-D-module k which has four pairwise non-isomorphic lifts over W whose 
F-characters are given by the four ordinary irreducible characters of degree one 
Xi)X2)X3>X4 (see Tabled]). By Lemma H~3l there is a short exact sequence of kD- 
modules of the form 

-> IndJ } k -> A v>n+1 -> A v>n -> 0. 
By Frobenius reciprocity and the Eckman-Shapiro Lemma, we have for all n > 

Eom kD (A Vjn ,Indf v) k) = Hom fc <„> (Resg) A u>n , k) ^ F 2d ~ 2+1 and 
Ext^A^Indf^) Ext^Res^A^,*;) = k 

where the second isomorphisms follow since Res^ A v<n = k © {k{v)) n2d 2 by Lemma 
PI 

Let p = YltZo Pi f° r as m (13.61) . Then every FF-module T with F-character p 
satisfies by (13. 7p 

d-3 d-3 

dim F End FD (T) = ^ dim F End FD (V e ) = ^2 l = 2 d ~ 2 - 1. 

1=0 1=0 

Let (c, d) = (3, 4) if v — er, and let (c, c?) = (4, 3) if v = r. Assume by induction that 
A Utn has four pairwise non-isomorphic lifts over W whose F-characters are given by 

i. xi + rn(xi + Xc) + m(x2 + Xd) + 2m p, or 
Xc + m(xi + Xc) + m(x2 + Xd) + 2m p, or 

ii. X2 + m(xi + Xc) + m(x2 + Xd) + 2m p, or 
Xd + m(xi + Xc) + m(x2 + Xd) + 2m p 

if n = 2m for some m > 0, and by 

i'. xi + rn(xi + Xc) + (m + l)(x 2 + Xd) + (2m + l)p, or 

Xc + m(xi + Xc) + (m + l)(x2 + Xd) + (2m + l)p, or 
ii'. X2 + (m + l)(xi + Xc) + m(x2 + Xd) + (2m + l)p, or 

Xd + (m + l)(xi + Xc) + m(x2 + Xd) + (2m + l)p 
if n = 2m + 1 for some m > 0. By Lemma I3.1[ Ind^ k has two pairwise non- 
isomorphic lifts over W with F-characters xi + Xc + P or % 2 + Xd + P- If A u , n is a lift 
of A Uttl over with F-character as in (i) or (ii'), let X be a lift of Ind^ k over W 
with F-character X2 + Xd + p. If -A^n is a lift of A v ^ n over with F-character as in 
(ii) or (i'), let 2 be a lift of Indj^ k over W with F-character Xi + Xc + P- Then we 
obtain for n = 2m, 

dim F Hom FD (F ® w A u>n , F® W X)= 2m 2 d ~ 2 = n2 d ~ 2 , 

and for n = 2m + 1, 

dim F Hom FD (F ® w A v>n , F ® w 1) = (2m + 1) 2 d ~ 2 = n2 d ~ 2 . 

Hence by Lemma 12.3} A UtTl+ i has four pairwise non-isomorphic lifts over W whose 
F-characters are as in (i),(ii), respectively (i'), (ii'), if we replace n by n + 1. □ 
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Proof of Theorem \ 1.2 . Part (i) follows from Lemma [4.21 For part (ii), let V be an 
arbitrary finitely generated endo-trivial fcD-module. By Lemma [2.2( ii). it is enough 
to determine R(D, V) in case V is indecomposable. This means by Remark 14.11 that 
V is in the f2-orbit of k or of A a ^ n or of A T)n for some n > 1. 

Let v G {a, r} and let n > 0. It follows by Lemmas 15.31 and 15.41 that there is a 
surjective morphism 

a : W[Z/2 x Z/2] -> A„, n ) 

in C and that there are four distinct morphisms -R(-D, A v>n ) — > H 7 in C. Hence 
Spec(_R(D, A^ n )) contains all four points of the generic fiber of Spec(W / [Z/2 x Z/2]). 
Since the Zariski closure of these four points is all of Spec(W / [Z/2 x Z/2]), this implies 
that R(D, A Utn ) must be isomorphic to W[Z/2 x Z/2]. By Lemma I2"72"l it follows that 
R(D, V) = W[Z/2 x Z/2] for every finitely generated endo-trivial /cD-module V. 

Let U be a universal lift of V over R = R(D, V). Since V is endo-trivial, the rank 
of U as a free .R-module is odd. This implies that as -RD-modules 

U* ®r U = R® L 

where D acts trivially on R and L is some .R-D-module which is free over R. Since 
U* ®_r U is a lift of V* ®fc over R and is endo-trivial, this implies that k ®r L is 
isomorphic to a free /cD-module. Hence L is a free -R-D-module, which implies that 
U is endo-trivial. □ 

We now turn to nilpotent blocks and the proof of Corollary 11.31 

Remark 5.5. Keeping the previous notation, let G be a finite group and let B be a 
nilpotent block of kG with defect group D. By [9], this means that whenever (Q, f) 
is a .B-Brauer pair then the quotient N G (Q, f)/Ca(Q) is a 2-group. In other words, 
for all subgroups Q of D and for all block idempotents / of kCaiQ) associated with 
B, the quotient of the stabilizer Na(Q,f) of / in Nq(Q) by the centralizer Ca{Q) 
is a 2-group. In [25], Puig rephrased this definition using the theory of local pointed 
groups. 

The main result of [25] implies that the nilpotent block B is Morita equivalent to 
kD. In [26, Thm. 8.2], Puig showed that the converse is also true in a very strong 
way. Namely, if B' is another block such that there is a stable equivalence of Morita 
type between B and B', then B' is also nilpotent. Hence Corollary 11.31 can be applied 
in particular if there is only known to be a stable equivalence of Morita type between 
B and kD. 

Proof of Corollary \1.3l Let B be the block of WG corresponding to B. Then B 
is also nilpotent, and by [251 §1.4], B is Morita equivalent to WD. Suppose V is a 
finitely generated -B-module, and V is the kD-module corresponding to V under this 
Morita equivalence. Then V has stable endomorphism ring k if and only if V has 
stable endomorphism ring k. Moreover, it follows for example from [H Prop. 2.5] that 
R(G,V) = R(D,V). By Theorem Ol this implies that R(G, V) = W[Z/2 x Z/2]. 

□ 
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